ABSTRACT. Attached to a vertex algebra V are two geometric objects. The associated scheme of V is the spectrum of Zhu's Poisson algebra R V . The singular support of V is the spectrum of the associated graded algebra gr(V) with respect to Li's canonical decreasing filtration. There is a closed embedding from the singular support to the arc space of the associated scheme, which is an isomorphism in many interesting cases. In this note we give an example of a non-quasi-lisse vertex algebra for which the isomorphism is not true as schemes but true as varieties.
INTRODUCTION
Attached to a vertex algebra V are two geometric objects. The associated schemeX V of V is the spectrum of commutative algebra R V , which is an affine Poisson scheme of finite type 1 . The singular support SS(V) of V is the spectrum of the associated graded algebra gr(V) with respect to Li's canonical decreasing filtration, which is a vertex Poisson scheme of infinite type 2 . There is a closed embedding Φ : SS(V) ֒→ (X V ) ∞ from the singular support to the arc spaceX ∞ of the associated scheme, which is an isomorphism in many interesting cases.
Originally Zhu [Zh] introduced the algebra R V to define a certain finiteness condition on a vertex algebra. Recall that a vertex algebra V is called lisse (or C 2 -cofinite) if dimX V = 0. Using the map Φ one can show that this condition is equivalent to that dim SS(V) = 0, and hence, the lisse condition is a natural finiteness condition ( [ArI] ). It is known that lisse vertex (operator) algebras have many nice properties, such as modular invariance property of characters ( [Zh, Mi] ), and this condition has been assumed in many significant theories of vertex (operator) algebras. However, recently non-lisse vertex algebras have caught a lot of attention due to the Higgs branch conjecture by Beem and Rastelli [BR] , which states that the reduced scheme X V ofX V should be isomorphic to the Higgs branch of a four-dimensional N = 2 superconformal field theory T if V obtained from T by the correspondence discovered by [BLL+] , see the survey articles [ArIII, ArIV] and the references therein.
T. A. is supported by JSPS KAKENHI Grants #17H01086 and #17K18724. A. L. is supported by Simons Foundation Grant #318755. 1 provided that V is finitely strongly generated 2 unless V is finite-dimensional It is natural to ask whether the map Φ is always an isomorphism, and if not, whether Φ defines an isomorphism as varieties. Very recently counterexamples to the first question were found by van Ekeren and Heluani [EH] in the case that V is lisse in their study of chiral homology of elliptic curves. It was also shown recently in [AMII] that the map Φ defines an isomorphism as varieties if V is quasi-lisse, that is, the Poisson variety X V has finitely many symplectic leaves. In this note we give an example of a non-quasi-lisse vertex algebra V for which the isomorphism is not true as schemes but true as varieties. We remark that by tensoring one of the lisse examples in [EH] with any non-quasi-lisse vertex algebra, one can trivially obtain a non-quasi-lisse example. However, our example is more subtle and does not arise in this way.
VERTEX ALGEBRAS
We assume that the reader is familiar with vertex algebras, which have been discussed from various points of view in the literature [B, FLM, K, FBZ] . Given an element a in a vertex algebra V, the field associated to a via the state-field correspondence is denoted by
Throughout this paper, we shall identify V with the corresponding space of fields. Given a, b ∈ V, the operators product expansion (OPE) formula is given by
and ∼ means equal modulo terms which are regular at z = w. The normally ordered product : a(z)b(z) : is defined to be
We usually omit the formal variable z and write : a(z)b(z) : = : ab :, when no confusion can arise. For a 1 , . . . , a k ∈ V, the iterated normally ordered product is defined inductively by
A subset S = {a i | i ∈ I} of V is said to strongly generate V, if V is spanned by the set of normally ordered monomials
If S is an ordered strong generating set {α 1 , α 2 , . . . }, we say that S freely generates V, if V has a PBW basis consisting of
In particular, the monomials (2.2) are linearly independent, so there are no nontrivial normally ordered polynomial relations among the generators and their derivatives.
βγ-system. The βγ-system S is freely generated by even fields β, γ satisfying
: β∂γ : − : ∂βγ : of central charge c = −1, under which β, γ are primary of weight 1 2 . W 3 -algebra. The W 3 -algebra W c 3 with central charge c was introduced by Zamolodchikov [Za] . It is an extension of the Virasoro algebra, and is freely generated by a Virasoro field L and an even weight 3 primary field W . In fact, W c 3 is isomorphic to the principal W-
. For generic values of c, W c 3 is simple, but for certain special values it has a nontrivial ideal. In this paper, we only need the case c = −2, which is nongeneric. We shall denote the simple graded quotient of W −2 3 by W for the rest of the paper. Since W −2 3 has a nontrivial ideal, W is strongly but not freely generated by L, W .
There is a useful embedding i : W → S due to Wang [WaI] , given by
and we shall identify W with its image in S. In fact, W is precisely the subalgebra of S that commutes with the Heisenberg algebra generated by : βγ :. Note that W is normalized so that it satisfies
This normalization is nonstandard but convenient for our purposes.
Zhu's commutative algebra and the associated variety. Given a vertex algebra V, define
It is well known that R V is a commutative, associative algebra with product induced by the normally ordered product [Zh] . Also, if V is graded by conformal weight, R V inherits this grading. Define the associated scheme
and the associated variety
Here (X V ) red denotes the reduced scheme ofX V . If {α i | i ∈ I} is a strong generating set for V, the images of these fields in R V will generate R V as a ring. In particular, R V is finitely generated if and only if V is strongly finitely generated. Since the βγ-system S is freely generated by β, γ,
, where b, g denote the images of β, γ in R S . On the other hand, since W is not freely generated by L, W , the structure of R W is more complicated.
Proof. Since W is strongly generated by L, W , R W is generated by ℓ, w, so R W ∼ = C[ℓ, w]/I for some ideal I. By Lemma 2.1 of [WaII] , we have the following normally ordered relation in W at weight 6:
Note that (2.8) differs slightly from the formula in [WaII] because our normalization of W is different. It follows that w 2 − ℓ 3 ∈ I.
To see that I ⊆ w 2 − ℓ 3 , let p = p(ℓ, w) ∈ I. Without loss of generality, we may assume p is homogeneous of weight d. It must come from a normally ordered polynomial relation :
Using (2.8) repeatedly, we can rewrite this relation in the form
where all terms of the form (2.9) that appear either have j = 0 or j = 1. In fact, since P ′ is homogeneous of weight d, we must have j = 0 if d is even, and j = 1 if d is odd, so only one such term can appear. If this term appears with nonzero coefficient, as a normally ordered polynomial in β, γ and their derivatives, it will contribute the term : β 2i+3j γ 2i+3j :, which cannot be canceled. This contradicts P ′ = 0, so each monomial in P ′ must lie in C(W). Equivalently, p ∈ w 2 − ℓ 3 .
JET SCHEMES AND ARC SPACES
We recall some basic facts about jet schemes, following the notation in [EM] . Let X be an irreducible scheme over C of finite type. The first jet scheme X 1 is the total tangent space of X, and for m > 1 the jet schemes X m are higher-order generalizations which are determined by their functor of points. Given a C-algebra A, we have a bijection
Thus the C-valued points of X m correspond to the C[t]/ t m+1 -valued points of X. 
which specifies its action on all of C[y
we have X m ∼ = Spec(R m ). By identifying y j with y (0) j , we may identify R with a subalgebra of R m . There is a Z ≥0 -grading on R m which we call height, given by
which is known as the arc space of X. For a C-algebra A, we have a bijection
so the C-valued points of X ∞ correspond to the C[t]-valued points of X. If X = Spec(R) as above,
Here i ≥ 0, and D(y
By a theorem of Kolchin [Kol] , X ∞ is irreducible if X is irreducible. However, even if X is irreducible and reduced, X ∞ need not be reduced. The following result is due to Sebag (see Example 8 of [S] ), but we include a proof for the benefit of the reader.
Proof. We have
where
. . since no element of this ideal has leading term of degree 2. However, (r 1 ) 3 ∈ f (0) , f (1) , . . . ; a calculation shows that
(3.6) Therefore regarded as an element of R ∞ , r 1 = 0 but (r 1 ) 3 = 0.
It is well known that for any affine scheme X, the nilradical N ⊆ O(X ∞ ) is a differential ideal; in other words, D(N ) ⊆ N . A natural question is whether N is finitely generated as a differential ideal, and whether an explicit generating set can be found. In the example X = Spec(C[ℓ, w]/ w 2 − ℓ 3 ), a calculation shows that in addition to r 1 ,
. . , but (r 2 ) 3 does. So r 2 is another nontrivial element of N . We expect that N is generated as a differential ideal by r 1 and r 2 .
The following characterization of N in this example will also be useful to us.
Lemma 3.2. Let X = Spec(C[ℓ, w]/ w 2 − ℓ 3 ) and let t be a coordinate function on C. Consider the map
and the induced homomorphism
Then N = ker(ϕ).
Proof. Since (3.8) is birational, the map C ∞ → X ∞ on arc spaces induced by (3.8) is dominant by Lemma 4.11 of [AMI] . Therefore ker(ϕ) ⊆ N . On the other hand,
, which is an integral domain.
LI'S FILTRATION AND SINGULAR SUPPORT
For any vertex algebra V, we have Li's canonical decreasing filtration
where F p (V) is spanned by elements of the form
where a 1 , . . . , a r ∈ V, n i ≥ 0, and n 1 + · · · + n r ≥ p [LiII] . Clearly V = F 0 (V) and
and for p ≥ 0 let
be the projection. Note that gr(V) is a graded commutative algebra with product
for a ∈ F p (V) and b ∈ F q (V). We say that the subspace F p (V)/F p+1 (V) has height p. Note that gr(V) has a differential ∂ defined by
for a ∈ F p (V). Finally, gr(V) has the structure of a Poisson vertex algebra [LiII] ; for n ≥ 0, we define
Zhu's commutative algebra R V is isomorphic to the subalgebra
coincides with the space C(V) defined by (2.5). Moreover, gr(V) is generated by R V as a differential graded commutative algebra [LiII] . SinceX V = Spec(R V ), there is always a surjective homomorphism of differential graded rings
where the grading on O((X V ) ∞ ) is given by (3.2). Define the singular support
which is then a subscheme of (X V ) ∞ . A natural question which was raised by Arakawa and Moreau [AMI] is whether the map (4.1) is always an isomorphism. This is true in many examples and it was recently shown in [AMII] to hold as varieties when V is quasilisse, that is, if X V has finitely many symplectic leaves, see [AK] for the details. We note that the vertex algebra W is not quasi-lisse.
MAIN RESULT
Theorem 5.1. For the vertex algebra W, the map
is not injective, so (X W ) ∞ and SS(W) are not isomorphic as schemes.
Proof. As before, we use the notation
We use the same notation
We therefore may identify gr(W) with a quotient of the polynomial ring C[L, ∂L, . . . , W, ∂W, . . . ]. In this notation,
We will show that the nilpotent elements r 1 and r 2 in O((X W ) ∞ ) given by (3.5) and (3.7), lie in ker(Φ W ). By Lemma 2.1 of [WaII] , we have the following relation in W at weight 6:
, we have the relation
Similarly, in W we have the following relation in weight 8:
(∂L) 2 L = 0, and r 2 ∈ ker(Φ W ). Proof. It suffices to show that the map ϕ : Identifying gr (S) with C[β, ∂β, . . . , γ, ∂γ, . . . ], this map is given on generators by
We also have an injective map of differential graded algebras
and L, W generate gr(W) as a differential algebra, it is clear that
where A ⊆ O(C ∞ ) is the subalgebra generated by (t (0) ) 2 , (t (0) ) 3 , and their derivatives. This completes the proof.
In this example, we expect that gr(i) : gr(W) → gr(S) is injective, so that gr(W) ∼ = A, and in particular is reduced. However, we caution the reader that the associated graded functor is not left exact in general. We end this paper with an example of a simple vertex algebra V which has a free field realization i : V → H where H is the Heisenberg algebra, such that the induced map gr(i) : gr(V) → gr(H) is not injective.
First, H is generated by an even field α satisfying
and has Virasoro element L = 1 2
: αα : of central charge c = 1. There is an action of Z 2 sending α → −α which preserves L, and we consider the orbifold
By a result of Dong and Nagatomo [DN] , V is strongly generated by L together with a unique up to scalar weight 4 field primary field
which is normalized so that it satisfies where I is the ideal generated by w(w − ℓ 2 ) and ℓ 3 w. In particular,X V = Spec(R V ) is irreducible of dimension one, but is not reduced.
Proof. Since V is strongly generated by L, W , it follows from (5.1) and (5.2) that R V ∼ = C[ℓ, w]/I for some ideal I which contains w(w − ℓ 2 ) and ℓ 3 w. The proof that I is generated by these two elements is similar to the proof of Lemma 2.1, and is omitted. Since I is contained in the ideal w , the map C[ℓ] → R V is injective, and R V has Krull dimension 1. Since w is a nontrivial nilpotent element of R V ,X V is not reduced. Finally, it is easy to see that the nilradical N of R V is generated by w, so N is prime andX V is irreducible. In fact, it is easy to verify that the image of gr(i) is just the differential polynomial algebra generated by gr(i)(L) = 1 2 α 2 . Finally, we remark that as in our main example W, the map Φ V : O((X V ) ∞ ) → gr(V) is not injective for V = H Z 2 . For example,
is a nontrivial element of ker(Φ V ). In fact, r is nilpotent in O((X V ) ∞ ) and satisfies r 3 = 0.
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